CSOc superpotentials by Guarino, AdolfoNikhef, Science Park 105, 1098 XG Amsterdam, The Netherlands
JID:NUPHB AID:13508 /FLA [m1+; v1.211; Prn:2/10/2015; 8:31] P.1 (1-16)
Available online at www.sciencedirect.com
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45
46
47ScienceDirect
Nuclear Physics B ••• (••••) •••–•••
www.elsevier.com/locate/nuclphysb
CSOc superpotentials
Adolfo Guarino
Nikhef, Science Park 105, 1098 XG Amsterdam, The Netherlands
Received 2 September 2015; accepted 24 September 2015
Editor: Stephan Stieberger
Abstract
Motivated by their applications to holographic RG flows and hairy black holes in Einstein-scalar 
systems, we present a collection of superpotentials driving the dynamics of N = 2 and N = 1 four-
dimensional supergravities. These theories arise as consistent truncations of the electric/magnetic families 
of CSO(p, q, r)c maximal supergravities, with p + q + r = 8, discovered by Dall’Agata et al. The N = 2
and N = 1 truncations describe SU(3) and Z2 × SO(3) invariant sectors, respectively, and contain AdS4
solutions preserving N = 1, 2, 3, 4 supersymmetry within the full theories, as well as various gauge sym-
metries. Realisations in terms of non-geometric type IIB as well as geometric massive type IIA backgrounds 
are also discussed. The aim of this note is to provide easy to handle superpotentials that facilitate the study 
of gravitational and gauge aspects of the CSO(p, q, r)c maximal supergravities avoiding the technicalities 
required in their construction.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
The dynamics of supergravity theories in four dimensions (4D) is conjectured to describe 
three-dimensional field theories (at large N ) in a strongly coupled regime via the gauge/gravity 
duality [1]. The reliability of the correspondence increases with the amount of supersymmetry, 
thus selecting the maximal N = 8 gauged supergravities in 4D [2–5] as preferred models where 
to test the duality [6–10]. However, highly supersymmetric models come along with a large num-
ber of fields filling the corresponding supermultiplets. For instance, the bosonic content of the 
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G (a.k.a. gauging) and 70 scalar fields parameterising an E7(7)/ SU(8) coset space [2,11]. Hav-
ing such a large number of vectors and scalars makes the dynamics of maximal supergravities 
difficult to be analysed in full generality and it is at this point where the notion of consistent 
truncation comes to rescue.
A consistent truncation of the maximal supergravity field content implies turning off most of 
the fields of the theory and retaining only a small but more tractable subset of it. The truncation 
is called consistent if, provided a given solution to the equations of motion of the truncated 
theory, then those of the full theory are also satisfied. In other words, solutions of the truncated 
theory correspond to solutions of the full theory in which the truncated fields have been set to 
zero. One way of performing a consistent truncation is to keep only the subset of fields which 
are invariant (singlets) under the action of a compact subgroup G0 ⊂ G of the gauge group G
spanned by the vectors in the full theory [12]. Consistency requires the gauge group G to be 
a subgroup of the U-duality group E7(7) of the maximal 4D supergravities [5,13] which is in 
turn embedded into the Sp(56, R) symplectic group of electric/magnetic transformations of the 
theory [14]. Schematically,
G0 ⊂ G ⊂ E7(7) ⊂ Sp(56,R) . (1)
As first noticed in the vacua classification of [15] and then made more precise in [16,17], 
the embedding of the vector fields spanning G into the electromagnetic group Sp(56, R) may 
allow for certain freedom, or symplectic deformation. In Ref. [16], a one-parameter family of 
G = SO(8) gauged supergravities generalising that of de Wit and Nicolai [3,4] was built and the 
structure of critical points of the associated scalar potential partially explored by looking at the 
G0 = G2 consistent truncation retaining the metric and two real scalars. The electric/magnetic
deformation parameter was denoted c and the family of new theories dubbed SO(8)c . Soon af-
ter, the scalar potential associated to different truncations of the SO(8)c theories to G0 = SU(3)
[18] and G0 = SO(4) [19] invariant sectors were put forward and their structure of critical points 
unraveled. In all the cases, the number of critical points, their location in field space and the 
corresponding value of the scalar potential V0 turned out to change as a function of the electro-
magnetic or symplectic parameter c.
These remarkable facts immediately rose questions about the possible embeddings of the 
deformed theories (and their novel critical points) into higher-dimensional theories as well as 
about their conjectured gauge duals. Trying to answer these questions requires a combined un-
derstanding of: i) The embedding tensor formalism [5] in order to derive simple supergravity 
models based on electric/magnetic gaugings [17]. ii) Techniques of dimensional reduction/oxi-
dation of supergravity theories (or exceptional versions thereof [20,21]). iii) Three-dimensional 
field theories and their connection to the theory of M2/D2-branes [6–10]. These three aspects 
have recently been clarified for a cousin of the SO(8)c theories, namely, the electric/magnetic 
family of ISO(7)c maximal supergravities [22,23].
This note aims to contribute to the first “vertex of the triangle”. We will present a collection 
of superpotentials controlling the scalar dynamics in N = 2 and N = 1 consistent truncations 
of CSOc ≡ CSO(p, q, r)c maximal supergravities, with p + q + r = 8, based on G0 = SU(3)
and G0 = Z2 × SO(3) invariant sectors. Despite their simplicity, the truncated theories turn 
out to capture a broad set of the critical points studied in the undeformed (c = 0) theories, 
their electric/magnetic deformations and more. By the end of the note, we will briefly touch 
on (non-)geometric string/M-theory incarnations of the CSOc maximal supergravities.
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We start by introducing the families of CSO(p, q, r)c maximal supergravities, with p + q +
r = 8, developed by Dall’Agata et al. in [15–17]. They correspond to symplectic deformations of 
the CSO(p, q, r) theories of Hull [24–27] (see also [28]) by turning on an electric/magnetic de-
formation parameter c. In [17], it was shown that only the semisimple SO(p, q) ≡ CSO(p, q, 0)
as well as the non-semisimple ISO(p, q) ≡ CSO(p, q, 1) gaugings turn out to admit such a de-
formation. Remarkably, it turns out to be a discrete (on/off) deformation for the latter [17]. The 
undeformed theories are then called “electric” and are recovered at c = 0. Turning on the defor-
mation c modifies the combinations of electric and magnetic vector fields AMμ = (A[AB]μ , Aμ [AB])
which are to enter the gauge covariant derivatives Dμ of the maximal supergravity theory. We 
have introduced a fundamental E7(7) index M = 1, . . . , 56 as well as a fundamental SL(8) index 
A = 1, . . . , 8. Then, the E7(7) ⊃ SL(8) decomposition 56 → 28′ + 28 simply reflects the electric 
(28 of them) and magnetic (28 of them) nature of the vector fields in maximal supergravity. In 
the undeformed case (c = 0), only the electric vectors A[AB]μ enter the covariant derivative. After 
turning on the symplectic deformation, this changes to
Dμ = ∂μ − gXMAMμ = ∂μ − g
(
X[AB] A[AB]μ +X[AB] Aμ [AB]
)
, (2)
containing both electric and magnetic charges XM = (X[AB],X[AB]), the latter being proportional 
to the deformation parameter c. All the charges are specified by an embedding tensor Mα upon 
contraction with the E7(7) generators tα
XM = Mα tα with XMNP = Mα [tα]NP , (3)
where α = 1, . . . , 133 is an adjoint index of E7(7). Therefore, the embedding tensor Mα se-
lects which electric/magnetic combinations of vectors are to span the gauge group G ⊂ E7(7) of 
the maximal supergravity. In order to guarantee that only 28 linearly independent combinations 
actually enter the gauging, a set of quadratic constraints of the form
MNM
α N
β = 0 with MN =
(
028 I28
−I28 028
)
, (4)
has to be satisfied by Mα . In this sense, eq. (4) can be viewed as an orthogonality condition for 
the charges [5].
Let us first look at the family of SO(8)c maximal supergravities [16] that leaves invariant the 
metric
η = diag(1,1,1,1,1,1,1,1) . (5)
In this case, the embedding tensor Mα takes the simple form
[AB]CD = δCDAB , [AB] CD = −c δCDAB (6)
where the index α in the Mα components in (6) runs over the linear combinations
TCD ≡ tCD − tDC , (7)
of SL(8) generators tCD in the SL(8) decomposition of E7(7) (see Appendix A). These are pre-
cisely the 28 generators of SO(8). Plugging (6) into the XM charges of (3) and substituting the 
result in (2) gives rise to a covariant derivative of the form
Dμ = ∂μ − g
(
A[CD]μ − cAμ [CD]
)
. (8)
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vectors that enter the gauging. The electric SO(8) gauged supergravity of [3,4] is recovered at 
c = 0.
The SO(7, 1)c and ISO(7)c ≡ CSO(7, 0, 1)c gaugings can be jointly described if applying the 
index splitting A = (m, 8) with m = 1, ..,7. The invariant metrics preserved by the gaugings can 
be written as
η = diag(1,1,1,1,1,1,1, 	1	2) , (9)
with (	1, 	2) being (1, −1) and (0, 1) for the SO(7, 1)c and ISO(7)c gaugings, respectively. The 
embedding tensor Mα is then given by
[mn]pq = δpqmn , [mn]pq = −	1 c δpqmn ,
[m8]p8 = δpm , [m8]p8 = −	2 c δpm , (10)
where the index α in the Mα components in (10) runs over the linear combinations
Tpq ≡ tpq − tqp and Tp8 ≡ −	1 tp8 − t8p (11)
of SL(8) generators tAB . There is then an SO(7) subgroup spanned by Tpq which is extended 
to either SO(7, 1) or ISO(7) by the seven generators Tp8. Plugging (10) into (3) and substituting 
again in (2) gives rise to a covariant derivative of the form
Dμ = ∂μ − g
(
A[pq]μ − 	1cAμ [pq]
)
− g
(
A[p8]μ − 	2cAμ [p8]
)
. (12)
As noticed in [17], taking c = 0 in (12) translates into all the generators being gauged dyonically 
in the SO(7, 1)c case whereas only the seven flat generators Tp8 are gauged dyonically in the 
ISO(7)c case with 	1 = 0.
The SO(6, 2)c and ISO(6, 1)c ≡ CSO(6, 1, 1)c gaugings can be jointly analysed in a similar 
manner. This time we split the fundamental SL(8) index as A = (1, a, 8) with a = 2, . . . , 7. The 
invariant metrics preserved by the gaugings are now given by
η = diag(−1,1,1,1,1,1,1, 	1	2) , (13)
with (	1, 	2) being (1, −1) and (0, 1) for the SO(6, 2)c and ISO(6, 1)c gaugings, respectively. 
The embedding tensor Mα has components
[ab]cd = δcdab , [ab] cd = −	1 c δcdab,
[18]18 = −1 , [18] 18 = −	2 c,
[1b]1d = −δdb , [1b] 1d = −	1 c δdb ,
[a8]c8 = δca , [a8] c8 = −	2 c δca, (14)
with the index α in Mα running this time over the linear combinations
Tcd ≡ tcd − td c , T18 ≡ 	1 t18 − t81,
T1d ≡ −t1d − td1 , Tc8 ≡ −	1 tc8 − t8c, (15)
of SL(8) generators tAB . The covariant derivative in this case takes the form
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(
A[cd]μ − 	1cAμ [cd]
)
+ g
(
A[18]μ + 	2cAμ [18]
)
+ g
(
A[1d]μ + 	1cAμ [1d]
)
− g
(
A[c8]μ − 	2cAμ [c8]
)
. (16)
Taking again c = 0 in (16), all the generators are gauged dyonically in the SO(6, 2)c case. For the 
ISO(6, 1)c gaugings, only the seven flat generators T18 and Tc8 are gauged dyonically as 	1 = 0, 
similar to what happened in the ISO(7)c case.
The rest of CSO(p, q, r) gaugings, with p + q + r = 8, that admit symplectic deformations 
are the families of SO(5, 3)c and ISO(5, 2)c ≡ CSO(5, 2, 1)c gaugings leaving invariant the met-
rics
η = diag(1,−1,1,−1,1, 	1	2,1,1) , (17)
with (	1, 	2) being (1, −1) and (0, 1) respectively, as well as the SO(4, 4)c and ISO(4, 3)c ≡
CSO(4, 3, 1)c ones with invariant metrics
η = diag(1,−1,1,−1,1,−1,1, 	1	2) , (18)
where (	1, 	2) are respectively given by (1, −1) and (0, 1). The derivation of the corresponding 
embedding tensors and covariant derivatives proceeds as for the previous cases without surprises. 
As before, only the seven flat generators are gauged dyonically for the ISO(5, 2)c and ISO(4, 3)c
gaugings. For the sake of brevity, we are not presenting the expressions here.
Apart from covariantising the derivatives in (2), turning on a gauging drastically modifies the 
dynamics of the scalar fields in the theory by introducing a scalar potential [5]
V (M) = g
2
672
XMN
RXPQ
SMMP(MNQMRS + 7 δQR δNS ) . (19)
In the above formula, the 70 scalars of maximal supergravity are encoded into a coset representa-
tive V ∈ E7(7)/SU(8) which transforms under global E7(7) transformations from the left and local 
SU(8) ones from the right. This coset representative is then used to build the scalar-dependent 
matrix MMN as M = V V t , whose inverse MMN appears in (19) together with the tensor XMNP
already introduced in (3). The kinetic terms for the scalars then follow from the standard coset 
constructions yielding an Einstein-scalar Lagrangian of the form
e−1LE-s = 12R + 196 Tr
(
DμMDμM−1
)
− V (M) . (20)
In this note we are setting all the vector fields to zero, so Dμ → ∂μ in all the forthcoming 
formulas.
3. N = 2 superpotentials
After shortly reviewing the electric/magnetic CSOc gaugings of maximal supergravity, we 
now move on towards our actual target: provide N = 2 truncations based on a G0 = SU(3)
invariant sector [12] that allow for an easy rewriting of the Lagrangian (20).
The SO(8)c , SO(7, 1)c , ISO(7)c , SO(6, 2)c and ISO(6, 1)c gaugings, they all contain an 
SU(3) subgroup within their maximal compact subgroups and, therefore, can accommodate such 
a truncation. The relevant chain of embeddings is given by
SO(6)
SO(8) ⊃ SO(7) ⊃ or ⊃ SU(3) .
G
(21)2
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symmetry – the 8 gravitini of the maximal theory decompose as 8 → 1 +1 +3 +3 under SU(3) ⊂
SU(8), thus providing two singlets – and retains the metric, two vector fields (we are setting to 
zero) and six real scalars. The scalars parameterise a scalar manifold Mscal =MSK ×MQK con-
sisting of a special Kähler (SK) piece MSK = SU(1, 1)/U(1) and a quaternionic Kähler (QK) 
piece MQK = SU(2, 1)/U(2), accounting for one vector multiplet and one hypermultiplet.
The six real scalars in the truncation are associated to SU(3)-invariant combinations of E7(7)
generators [23]. In the SL(8) basis, these are given by
g1 = t33 + t55 + t77 + t22 + t44 + t66 − 3 (t11 + t88) ,
g2 = t81 ,
g3 = t11 − t88 ,
g4 = t1238 + t1458 + t1678 ,
g5 = t8357 − t8346 − t8256 − t8247 ,
g6 = t8246 − t8257 − t8347 − t8356 , (22)
which are used to construct the coset representative V = VSK × VQK upon the exponentiations
VSK = e−12 χ1 g4 e 14 ϕ1 g1 ,
VQK = ea g2 − 6 (ζ g5 + ζ˜ g6) eφ g3 . (23)
With the above coset representative V , the scalar-dependent matrix M entering (20) is immedi-
ately obtained as M = V V t . Equipped with the embedding tensors of the previous section for 
the set of CSOc gaugings compatible with G0 = SU(3), it is a tedious exercise to work out the 
scalar Lagrangian. Plugging M into (20) produces kinetic terms of the form
e−1Lkin = −34
[
(∂ϕ1)
2 + e2ϕ1 (∂χ1)2
]
− (∂φ)2 − 1
4
e2φ
(
(∂ζ )2 + (∂ζ˜ )2
)
− 1
4
e4φ
(
∂a + 1
2
(ζ ∂ζ˜ − ζ˜ ∂ζ )
)2
, (24)
and a lengthy expression for the scalar potential V in (19) which depends on the particular choice 
of gauging. We will refrain from displaying the results here since, as stated in the abstract, we 
actually want to present them in a more concise N = 2 form.
To this end, we will start by rewriting the kinetic terms (24) encoding the geometry of the 
scalar manifold Mscal. The SK manifold spanned by the scalars (χ1, ϕ1) can be described in an 
N = 2 fashion by first complexifying to an upper-plane parameterisation 1 and then moving to 
a unit-disk parameterisation z
(χ1, ϕ1) ⇒ 1 ≡ −χ1 + i e−ϕ1 ⇒ z ≡ 1 − i
1 + i . (25)
In this way, the kinetic terms in (24) for the scalars serving as coordinates in the SK manifold are 
expressed as
e−1LSKkin = 3
∂1 ∂¯1
¯ 2 = −3
∂z ∂z¯
2 2 . (26)(1 −1) (1 − |z| )
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(φ, a, ζ, ζ˜ ) in (24). We can alternatively describe the geometry using two real (λ, σ) and one 
complex ψ fields [29]
λ ≡ e−2φ , σ ≡ a , ψ ≡ 12 (ζ˜ + i ζ ) , (27)
in terms of which
e−1LQKkin = −
1
4λ2
(∂λ)2 − 1
λ
(∂ψ)(∂ψ¯)− 1
4λ2
(
∂σ − i (ψ ∂ψ¯ − ψ¯ ∂ψ)
)2
, (28)
or using two complex fields (ζ1, ζ2) related to the previous ones by
λ ≡ 1 − |ζ1|
2 − |ζ2|2
|1 + ζ1|2 , σ ≡
i(ζ1 − ζ¯1)
|1 + ζ1|2 , ψ ≡
ζ2
1 + ζ1 , (29)
and in terms of which the kinetic terms boil down to [29,30]
e−1LQKkin = −
(∂ζ1)(∂ζ¯1)+ (∂ζ2)(∂ζ¯2)
1 − |ζ1|2 − |ζ2|2
− (ζ1 ∂ζ¯1 + ζ2 ∂ζ¯2)(ζ¯1 ∂ζ1 + ζ¯2 ∂ζ2)(
1 − |ζ1|2 − |ζ2|2
)2 . (30)
The expressions (26), (28) and (30) often appear in the N = 2 literature (e.g. see [29,30]). Here 
we have shown their connection to the original scalars in (23) associated to the E7(7) generators 
displayed in (22).
In the spirit of [30], and when restricted to the SU(3) invariant sector of the theories, the 
CSOc gaugings induce a scalar potential that can be derived from a “superpotential” W . This 
superpotential takes the form1
W = (1 − |z|2)− 32 (1 − |ζ12|2)−2 (gW0 + i gcW∞) , (31)
where W0 and W∞ are functions of the complex scalar z in (25) and also of the scalars (ζ1, ζ2)
in (29). Computing the gauge covariant derivatives DμM for the different gaugings using (8), 
(12) and (16), one finds that (ζ1, ζ2) actually enter the (super)potential through a gauge invariant
combination ζ12 satisfying Dμζ12 = ∂μζ12. For the SO(8)c and SO(6, 2)c gaugings, the form of 
ζ12 is given by [30]
ζ12(λ,σ, |ψ |) = |ζ1| + i |ζ2|
1 +√1 − |ζ1|2 − |ζ2|2 . (32)
However, only when evaluated at σ = 0, the combination in (32) proves to be gauge invariant 
also for the ISO(7)c , ISO(6, 1)c and SO(7, 1)c gaugings. This is
ζ12 ≡ ζ12(λ,σ, |ψ |)
∣∣
σ=0 =
2 − i
2 + i , (33)
with 2 ≡ −|ψ | + i
√
λ. Setting σ = 0 is compatible with the extremum condition ∂σV
∣∣
σ=0 = 0
for all the gaugings. In fact, due to the parameterisation in (22) and (23), the scalar σ does 
not enter the potential for the non-semisimple gaugings and does it quadratically (lowest order) 
1 Notice its similarity with a central charge Z = eK/2(gW0 + igcW∞) in the flux vacua attractor mechanism of [59]
with K being the Kähler potential of a SK manifold [SU(1, 1)/U(1)] ×[SU(1, 1)/U(1)] in the unit-disk parameterisation.
JID:NUPHB AID:13508 /FLA [m1+; v1.211; Prn:2/10/2015; 8:31] P.8 (1-16)
8 A. Guarino / Nuclear Physics B ••• (••••) •••–•••
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45 45
46 46
47 47for the semisimple ones. V is also independent of Arg(ψ) for all the gaugings.2 Fixing σ =
Arg(ψ) = 0 in (28) allows for a rewriting [30]
e−1LQKkin = 4
∂2 ∂¯2
(2 − ¯2)2
= −4 ∂ζ12 ∂ζ¯12
(1 − |ζ12|2)2 , (34)
making manifest the SK submanifold SU(1, 1)/U(1) ⊂ SU(2, 1)/U(2) spanned by ζ12.
The superpotential W in (31) is totally specified by W0 if c = 0. In this limit, superpotentials 
were known for the electric SO(8)c=0 theory [30–32] as well as for the SO(7, 1)c=0, ISO(7)c=0
and SO(6, 2)c=0 ones [31–34]. In the complementary limit c → ∞, it is the function W∞ that 
dominates. A derivation of the functions W0 and W∞ gives the following results:
◦ SO(8)c gaugings [18,35]
W0 = (1 + z3) (1 + ζ 412)+ 6 z (1 + z) ζ 212 ,
W∞ = (1 − z3) (1 + ζ 412)− 6 z (1 − z) ζ 212 , (35)
◦ SO(7, 1)c gaugings
W0 = 34 (1 − ζ 212)2 (1 − z2) (1 − z) − (1 + z)3 ζ12 (1 + ζ 212) ,
W∞ = 34 (1 − ζ 212)2 (1 − z2) (1 + z) + (1 − z)3 ζ12 (1 + ζ 212) , (36)
◦ ISO(7)c gaugings [23]
W0 = 78 (1 − ζ12)4 (1 + z)3 + 3 (ζ12 − z) (1 + z) (1 − ζ12)2 (1 − z ζ12) ,
W∞ = 18 (1 − ζ12)4 (1 − z)3 , (37)
◦ SO(6, 2)c gaugings
W0 = 12 (1 + z) (1 + z2) (1 − 6 ζ 212 + ζ 412)− 2 z (1 + z) (1 + ζ 412) ,
W∞ = 12 (1 − z) (1 + z2) (1 − 6 ζ 212 + ζ 412)+ 2 z (1 − z) (1 + ζ 412) , (38)
◦ ISO(6, 1)c gaugings
W0 = 18 (1 − ζ12)2 (1 + z)
[
(1 + z2)(5 (1 + ζ 212)+ 14 ζ12)
− 2 z (7 (1 + ζ 212)+ 10 ζ12)] ,
W∞ = 18 (1 − ζ12)4 (1 − z)3 . (39)
The functions W0 and W∞ in (35)–(39) completely specify the superpotential (31) for the set of 
CSOc gaugings compatible with an SU(3) truncation of maximal supergravity. For the semisim-
ple gaugings, W0 and W∞ are related to each other by (z, ζ12) ↔ (−z, −ζ12), rendering the 
two limits c = 0 and c = ∞ equivalent. This property no longer holds for the non-semisimple 
gaugings which, however, turn out to have the same W∞. We will come back to these two fea-
tures in the next section.
2 Alternatively, it is possible to mod out the theory by a Z2 element [19] truncating away the (a, ζ ) fields in (23) associ-
ated to the (g2, g5) generators in (22). This amounts to set σ = Arg(ψ) = 0 in (27) and, additionally, the SU(3)-invariant 
vector fields are also projected out.
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V = 2
[
4
3
(1 − |z|2)2
∣∣∣∣∂|W|∂z
∣∣∣∣2 + (1 − |ζ12|2)2 ∣∣∣∣∂|W|∂ζ12
∣∣∣∣2 − 3 |W|2
]
. (40)
In addition to the superpotential W(z, ζ12) in (31), there is a companion one W˜(z, ζ12) =
W(z, ζ¯12) from which the same scalar potential in (40) follows [18,30]. Critical points of V
preserving N = 2 and N = 1 supersymmetry exist. The former satisfy ∂|W| = 0 and ∂|W˜| = 0
simultaneously. In contrast, those preserving N = 1 supersymmetry satisfy either one or the 
other condition. For all the gaugings in (35)–(39), the potential (40) matches the one obtained 
from (19) using the embedding tensor formalism.
4. N = 1 superpotentials
Let us now concentrate on a different truncation based on a G0 = Z2 × SO(3) invariant sector 
[36] of the maximal supergravity multiplet. The bosonic field content of this truncation consists 
of the metric field and six real scalars. The truncation works as follows: the Z2 factor truncates 
N = 8 supergravity to N = 4 supergravity coupled to six vector multiplets [37], whereas the 
additional SO(3) factor further truncates to N = 1 supergravity coupled to three chiral multiplets 
and no vector multiplets [38].
In addition to the gaugings of the previous section, there are SO(5, 3)c , SO(4, 4)c and 
ISO(4, 3)c gaugings compatible with the G0 = Z2 × SO(3) truncation. The SO(3) is located one 
level lower in the chain of embeddings (21), namely,
SU(3)
SO(8) ⊃ SO(7) ⊃ G2 ⊃ or ⊃ SO(3) .
SO(4)
(41)
Under G0 = Z2 × SO(3), the 8 gravitini of the maximal theory decompose as 8 → 1(+) + 1(−) +
3(+) + 3(−) where the (±) subscript denotes the Z2-parity of the corresponding SO(3) represen-
tation. As a result, there is one Z2-even singlet 1(+) responsible for the N = 1 supersymmetry of 
the truncation. Notice that the invariant metric for the ISO(5, 2)c gaugings in (17) is simply not 
compatible with the above decomposition.
The six real scalars in the truncation are this time associated to the following E7(7) generators 
in the SL(8) basis [23]
g1 = t33 + t55 + t77 + t22 + t44 + t66 − 3 (t11 + t88) ,
g2 = t11 + t33 + t55 + t77 − t22 − t44 − t66 − t88 ,
g3 = −t33 − t55 − t77 + t22 + t44 + t66 + 3 (t11 − t88) ,
g4 = t1238 + t1458 + t1678 ,
g5 = t8246 ,
g6 = t2578 + t4738 + t6358 , (42)
which can be used to build the coset representative V = V1 × V2 × V3 upon the exponentiations
V1 = e−12 χ1 g4 e 14 ϕ1 g1 ,
V2 = e−12 χ2 g5 e 14 ϕ2 g2 ,
V3 = e−12 χ3 g6 e 14 ϕ3 g3 . (43)
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into (20), one obtains the kinetic terms
e−1Lkin = −34
[
(∂ϕ1)
2 + e2ϕ1 (∂χ1)2
]
− 1
4
[
(∂ϕ2)
2 + e2ϕ2 (∂χ2)2
]
− 3
4
[
(∂ϕ3)
2 + e2ϕ3 (∂χ3)2
]
, (44)
and again a lengthy expression for the scalar potential V that depends on the specific gauging. 
Analogously to the previous section, we will re-express the resulting Lagrangian in an N = 1
fashion. For this purpose, we first introduce three complex fields
I = −χI + i e−ϕI with I = 1,2,3 , (45)
which span a Kähler manifold Mscal = [SU(1, 1)/U(1)]3 specified by the Kähler potential
K =
3∑
I=1
−nI log[−i (I − ¯I )] , (46)
with (n1, n2, n3) = (3, 1, 3). In terms of (46), the kinetic terms in (44) can be rewritten as
e−1Lkin = −
3∑
I=1
KI ¯I ∂I ∂¯I =
3∑
I=1
nI
∂I ∂¯I
(I − ¯I )2
, (47)
where KI ¯I = ∂I ∂¯I K is the Kähler metric. The interaction between the complex scalars I
is encoded into an N = 1 holomorphic superpotential W of the form
W = gW0 + gcW∞ , (48)
where the functions W0 and W∞ are given by
W0 = p131 + 3p2 123 + 3p3 123 + p4 31233 ,
W∞ = q1 233 + 3q2 2123 + 3q3 2123 + q4 . (49)
The structure of monomials in W0 and W∞ is such that, up to an overall sign, they map into each 
other upon a modular transformation I → −−1I followed by an exchange pi ↔ qi .3 The coef-
ficients p1,2,3,4 and q1,2,3,4 in (49) are displayed in Table 1 for all the gaugings compatible with 
G0 = Z2 × SO(3). Semisimple gaugings come out with pi = qi = 0, ∀i = 1, . . . ,4, rendering
the two limiting cases c = 0 and c = ∞ equivalent. For a generic value of c, the superpoten-
tial (48) can be thought of as an inequivalent superposition of equivalent theories. In contrast, 
non-semisimple gaugings have pi qi = 0, ∀i = 1, . . . , 4, and this orthogonality between W0 and 
W∞ makes the c = 0 and c = ∞ cases no longer equivalent. Actually, all the non-semisimple 
gaugings in Table 1 become degenerated at the level of superpotentials in the c → ∞ limit, 
namely,
lim
c→∞WISO(p,q)c = 2g c . (50)
3 Since the monomials in W0 and W∞ are related by the inversion I → −−1I , their simultaneous presence in (48)
when c = 0 democratises the set of positive and negative dilaton weight-vectors in the scalar potential for semisimple 
gaugings. This somehow resembles the double coset construction of [11,60].
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List of coefficients determining the W0 and W∞ functions in (49) for the set of CSOc gaugings compatible with 
G0 = Z2 × SO(3).
GAUGING p1 p2 p3 p4 q1 q2 q3 q4
SO(8)c +2 +2 +2 +2 +2 +2 +2 +2
SO(7,1)c +2 +2 +2 −2 +2 +2 +2 −2
ISO(7)c +2 +2 +2 0 0 0 0 +2
SO(6,2)c −2 +2 +2 −2 −2 +2 +2 −2
ISO(6,1)c −2 +2 +2 0 0 0 0 +2
SO(5,3)c +2 +2 −2 +2 +2 +2 −2 +2
SO(4,4)c +2 +2 −2 −2 +2 +2 −2 −2
ISO(4,3)c +2 +2 −2 0 0 0 0 +2
We will recall this “universality” property later on when discussing possible higher-dimensional 
descriptions of the ISO(p, q)c gaugings.
Using K and W in (46) and (48), the scalar potential follows from the standard N = 1 formula
V = eK
[
KI ¯I (DI W)(D¯I W¯ )− 3W W¯
]
, (51)
where KI ¯I is the inverse of the Kähler metric in (47) and DI W = ∂I W + (∂I K)W is the 
Kähler derivative. For all the gaugings in Table 1, we have verified that the scalar potential (51)
exactly reproduces the one in (19) using the embedding tensor formalism.
Taking a second look at the scalars in (22) and (42), there exists an overlapping between the 
N = 1 truncation based on G0 = Z2 × SO(3) and the N = 2 truncation based on G0 = SU(3)
discussed in the previous section. This fact was already pointed out in [35] for the case of the 
SO(8)c gaugings and actually extends to all the CSOc gaugings in the upper block of Table 1. 
The overlap between the two truncations proves an N = 1 supergravity coupled this time to two 
chiral multiplets and is realised by firstly identifying
2 = 3 , (52)
and then applying the field redefinitions in (25) and (33) to the variables z and ζ12, respectively. 
The modular transformation I → −−1I then translates into the (z, ζ12) → (−z, −ζ12) trans-
formation discussed in the previous section.
Next comes the G0 = SO(4) ∼ SO(3) × SO(3) invariant sector in (41). The specific em-
bedding we consider here coincides with the one in [39] and is compatible with SO(8)c , 
SO(7, 1)c , ISO(7)c , SO(5, 3)c , SO(4, 4)c and ISO(4, 3)c gaugings. It is recovered from the 
G0 = Z2 × SO(3) sector by identifying
1 = 3 . (53)
This truncation produces the gravitini decomposition 8 → (1, 1) + (3, 1) + (2, 2) and also corre-
sponds to N = 1 supergravity coupled to two chiral multiplets.4 For the ISO(7)c gaugings, this 
sector has been thoroughly investigated in [23] (see [40] for the SO(8)c gaugings) and found 
4 The set of CSOc gaugings in Table 1 may accommodate different G0 = SO(4) invariant sectors. For example, some 
non-supersymmetric SO(4) truncations of the SO(4, 4)c and SO(6, 2)c gaugings specified by different decompositions 
of the 8 gravitini were investigated in [19,54].
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ory. Here we have verified that similar N = 3 critical points also exist for the SO(8)c and the 
SO(7, 1)c gaugings, in agreement with [39]. In addition, the SO(7, 1)c family of gaugings was 
found to include an N = 4 critical point preserving a different SO(4) subgroup [39]. This point 
corresponds to 1 = i c and 2 = −¯3 = ei π/4 or −¯2 = 3 = ei π/4. In the first case, only 
one out of the four supersymmetries preserved by the solution lies within the N = 4 theory ob-
tained as N = 8 Z2−→N = 4. In the second case, three out of the four supersymmetries belong to 
the N = 4 theory.
A truncation based on G0 = G2 is compatible only with SO(8)c , SO(7, 1)c and ISO(7)c gaug-
ings [41]. The decomposition of the 8 gravitini reads 8 → 1 + 7 and the truncation corresponds 
to N = 1 supergravity coupled to one chiral multiplet and no vectors. This sector is recovered 
upon the identification
1 = 2 = 3 , (54)
of the three chiral fields in the G0 = Z2 × SO(3) sector. In addition to the identifications in 
(52)–(54), there are equivalent ones obtained by discrete transformations. Finally, there also 
exist G0 = SO(7) and G0 = SO(6) invariant sectors but these produce non-supersymmetric trun-
cations, so we are not considering them further in this note.
5. (Non-)geometric string/M-theory backgrounds
Some of the N = 1 supergravities specified in Table 1 have appeared in the context of 
non-geometric flux compactifications on toroidal backgrounds.5 We will consider type IIB orien-
tifolds of T 6/(Z2 ×Z2) with O3/O7-planes yielding the so-called STU-models [36,38,42,43] in 
the isotropic (or plane-exchange-symmetric) limit [44]. The connection to the dilaton (S), Kähler 
(T ) and complex structure (U ) moduli in [36,38] is given by
1 = −U−1 , 2 = S , 3 = T . (55)
Upon a modular transformation U → −U−1, one obtains standard STU-models specified by the 
Kähler potential
K = −3 log[−i (U − U¯ )] − 3 log[−i (T − T¯ )] − log[−i (S − S¯)] , (56)
and the N = 1 superpotential (48) with
W0 = −p1 − 3p2 U2T 2 − 3p3 U2ST − p4 ST 3 ,
W∞ = q1 U3ST 3 + 3q2 UST + 3q3 UT 2 + q4 U3 . (57)
The mapping between the coefficients (pi, qi) in (57) and the generalised type IIB fluxes in 
[36,38] reads
p1 ≡ F3 , p2 ≡ Q′ , p3 ≡ P , p4 ≡ H ′3 ,
q1 ≡ H ′3 , q2 ≡ P , q3 ≡ Q′ , q4 ≡ F3 , (58)
5 The dependence on the duality frame (type IIA/IIB, Heterotic, M-theory,..) when it comes to classify a given super-
gravity as a geometric/non-geometric toroidal background has been discussed in [38,42,43,61].
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fluxes. As a result, these supergravities correspond to non-geometric type IIB toroidal back-
grounds for any value of the electric/magnetic parameter, including the c = 0 case.
However, when c = 0, a geometric description in terms of M-theory reductions on non-
compact Hp,q,r =Hp,q × T r spaces, with Hp,q being a hyperboloid, is available for the 
CSO(p, q, r) gaugings [45–47]. The observation that non-geometric toroidal backgrounds may 
still admit geometric descriptions as non-toroidal reductions has already been made in the litera-
ture, e.g., see Appendix A of [48] or also [49] for a more recent discussion on non-geometric 
STU-models linked to compactifications of M-theory. In this regard, the Kähler potential in 
(56) and the W0 superpotential in (57) provide further examples of STU-models for the elec-
tric CSOc=0 gaugings in Table 1 that connect to M-theory reductions on Hp,q,r spaces.
Turning on c = 0 generically causes the loss of a higher-dimensional interpretation of the 
CSOc maximal supergravities. The universal limit (50) suggests a possible ten-dimensional de-
scription of the ISO(p, q)c gaugings in terms of massive type IIA reductions on Hp,q spaces 
along the lines of [22,50]. Taking c → ∞, which is identified with taking a (infinitely) large 
Romans mass m = gc in [22], was also linked to a regular reduction of massive type IIA on T6
in [23]. This purely magnetic limit would hide the dependence of the ISO(p, q)c maximal super-
gravities on the Hp,q geometries clearly visible at c = 0, resulting in the universal superpotential
of (50). For the STU-models in (57), this becomes limc→∞ WISO(p,q)c = 2gcU3 and agrees with 
the identification done in [42,44]6 between the U3 coupling in the superpotential and the Romans 
mass parameter m = gc in a type IIA incarnation of the flux models.7
Finding string/M-theory candidates to describe the semisimple SO(p, q)c gaugings proves 
a more challenging task.8 Symplectic deformations of semisimple gaugings – see (8), (12)
and (16) – involve magnetic vectors linked to compact (com) generators of G and, consis-
tently, two-form tensor fields in the modified electric field strengths [5,51]. Schematically, 
Hcomμν =Fcomμν − 12 gcBμν , where Fcomμν is the electric Yang–Mills field strength and Bμν is a 
two-form field. The inclusion of tensor fields Bμν ’s linked to compact generators of the U-duality 
group has recently been discussed in [52]. Together with those which are dual to scalars in the 
E7(7)/ SU(8) coset, the “compact” tensor fields – dubbed “auxiliary notophs” in [52,53] – are 
necessary ingredients in a superspace formulation of ungauged maximal supergravity and hap-
pen to be dual to fermion bilinears. In this sense, a gauged version of the superfield description 
of notophs, as well as the search for worldvolume actions, might shed light upon the microscopic 
origin, if any, of the SO(p, q)c maximal supergravities.
6. Summary and discussion
In this note we have provided a collection of superpotentials controlling the scalar dynamics 
in certain N = 2 and N = 1 supergravities in four dimensions. Despite their simplicity, these 
6 The (S, T , U ) fields here were denoted (S, U, τ) in [42] and (S, U, T ) in [44].
7 See Appendix A of [23] for a detailed discussion on the non-geometric STU-model associated to the ISO(7)c gaug-
ings and its geometric origin as a massive type IIA reduction on S6 [22,50]. Note also that, in a IIA picture [44], the 
moduli T and U in (56)–(57) are identified as complex structure and Kähler moduli, respectively.
8 For semisimple SO(p, q)c gaugings one could speculate on the limiting c = ∞ case as an M-theory reduction, 
equivalent to one at c = 0, but on a “dual” Hp,q space. In the context of Generalised Geometry, Refs. [62,63] studied 
the SO(8)c gaugings at generic values of c and showed that these cannot be realised as a compactification of a higher-
dimensional theory that is locally geometrical. This is in line with the highly non-geometric fluxes in (58) underlying the 
SO(p, q)c gaugings.
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of electric/magnetic SO(8)c gauged supergravities discovered in [16] as well as its generalisa-
tion to other CSO(p, q, r)c gaugings. We have studied two different truncations producing an 
Einstein-scalar Lagrangian of the form
LE-s = 12 eR +Lkin − e V . (59)
Here is a summary of the main results:
i) The first truncation, see Section 3, is based on a G0 = SU(3) invariant sector and produces 
an N = 2 supergravity coupled to one vector multiplet (with complex scalar z) and one 
hypermultiplet (with complex scalars ζ1 and ζ2). Lkin consists of the two pieces (26) and 
(34) and, in the spirit of [30], V is obtained from the electric/magnetic superpotential W in 
(31) using (40). The different superpotentials associated to the different gaugings compatible 
with the truncation are listed in (35)–(39).
ii) The second truncation, see Section 4, is based on a G0 = Z2 × SO(3) invariant sector and 
yields an N = 1 supergravity coupled to three chiral multiplets 1,2,3. The kinetic piece Lkin
takes the form (47) and the potential V follows from the electric/magnetic superpotential 
W in (48) using the standard formula (51). The different superpotentials for the different 
gaugings compatible with the truncation are encoded in the coefficients displayed in Table 1.
Applications of the CSOc superpotentials presented in this note are immediately envisaged. 
The first one is the dedicated exploration and classification of critical points of the associ-
ated scalar potentials. The amount of both supersymmetric and non-supersymmetric critical 
points generically increases when c = 0 [15,19,23,41,54], especially for non-compact gaug-
ings [25,27,33,34,55]. Supersymmetric extrema play a central role in the construction of BPS 
domain-wall solutions which are conjectured to describe RG flows via the gauge/gravity cor-
respondence. Such BPS domain-walls have been extensively studied within the G0 = SU(3)
invariant sector of the CSOc=0 maximal supergravities [31,33,34] and, more recently, also of the 
family of SO(8)c gaugings [35,56] using the superpotential in (31) and (35). Therefore, a second 
application of the CSOc superpotentials is the systematic study of BPS domain-walls within the 
G0 = SU(3) and, even more general, within the G0 = Z2 × SO(3) invariant sectors of the theo-
ries, as well as their dual RG flows. It would also be interesting to search for hairy black holes 
in these Einstein-scalar systems with a potential. Finally, the existence of a higher-dimensional 
description for the electric/magnetic families of CSOc maximal supergravities remains one of the 
essential questions to be answered. By looking at the CSOc superpotentials, the electric/magnetic 
deformation interpolates between two equivalent theories at c = 0 and c = ∞ for semisim-
ple gaugings, whereas non-semisimple gaugings flow towards the universal superpotential (50)
in the c → ∞ limit. This fact makes the massive type IIA reductions on Hp,q spaces natural 
scenarios where to investigate the higher-dimensional origin of the ISO(p, q)c maximal super-
gravities, just like the ISO(7)c gaugings [23] have recently been connected to such reductions on 
H7,0 = S6 in [22,50]. In contrast, the semisimple SO(p, q)c gaugings remain elusive and alter-
native approaches, as the one based on a (gauged version of) superspace formulation of maximal 
supergravity [52] or those of Exceptional Generalised Geometry [57,58] and Exceptional Field 
Theory [20,21], are at this time under investigation. We hope to come back to these issues in the 
near future.
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Appendix A. SL(8) basis of E7(7) generators
Let us introduce a fundamental SL(8) index A = 1, . . . , 8. In the SL(8) basis, the E7(7) gener-
ators tα=1,...,133 have a decomposition 133 → 63+70. These are the 63 generators tAB of SL(8), 
with tAA = 0, together with 70 generators tABCD = t[ABCD]. The fundamental representation of 
E7(7) decomposes as 56 → 28 + 28′, what translates into an index splitting M →[AB] ⊕[AB]. The 
entries of the 56 × 56 matrices [tα]MN are given by
[tAB ][CD][EF] = 4
(
δB[C δEFD]A +
1
8
δBA δ
EF
CD
)
,
[tAB ][EF][CD] = −[tAB ][CD][EF] , (60)
for the SL(8) generators tAB and by
[tABCD][EF][GH] = 24! 	ABCDEFGH ,
[tABCD][EF][GH] = 2 δEFGHABCD , (61)
for the generators tABCD extending to E7(7).
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